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Abstrat
We use a onformal transformation to nd solutions to the generalised salar-
tensor theory, with a oupling onstant dependent on a salar eld, in an
empty Bianhi type I model. We desribe the dynamial behaviour of the
metri funtions for three dierent ouplings: two exat solutions to the
eld equations and a qualitative one are found. They exhibit non-singular
behaviours and kineti ination. Two of them admit both General Relativity
and string theory in the low-energy limit as asymptoti ases.
Key words: Bianhi models; Generalised salar-tensor theory; Exat solu-
tion; non-singular Universe; Kineti ination.
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1 Introdution
Salar-tensor theories seem to be essential to desribe gravitational intera-
tions near the Plank sale : string theory, higher order theories in the Rii
salar [1℄, extended ination and many others theories imply salar eld.
The generalised salar-tensor Lagrangian has the same form as the Brans-
Dike theory [2℄ but with a oupling onstant ω depending on the salar
eld. Suh a theory is interesting for many reasons. Hene, if we hoose ω
as a onstant, the Lagrangian is idential to Brans-Dike Lagrangian. This
theory tends to General Relativity for large value of the oupling onstant
(ω > 500). But, if we hoose ω = −1, the Brans-Dike theory is idential
to the string theory in the low-energy limit. Hene, the generalised salar-
tensor theory seems to be able to build a " bridge " between string theory
and General Relativity. Other reasons, as ination, an be put forward :
suh a theory with a varying oupling onstant, may drive the sale fators
to aelerate without potential or osmologial onstant [3℄[4℄, i.e. alled
kineti ination.
The generalised salar-tensor theory has been studied by many authors
and the method we will use to nd exat solutions has always been desribed
in [5℄ in the presene of matter in the Lagrangian. Here, we will onsider
the empty Bianhi type I Universe, whih is spatially at, and will use three
dierent forms of the oupling onstant ω(φ). The rst form, 2ω(φ) + 3 =
2β(1 − φ/φc)−α, has been introdued by Garia-Bellido and Quiros [6℄ and
studied by Barrow [7℄ in the ontext of a FLRW at model with vauum
or radiation. It has also been studied in [5℄, for a Bianhi type I model,
where a solution is found in presene of matter. In this paper, we will write
expliitly an exat solution and will study the dynamial behaviour of the
metri funtions whih depends on the integration onstant. We will ast
light on interesting features suh as kineti ination. The seond form is a
power law type, 3 + 2ω(φ) = φ2cφ
2m
. Here again, we will give expliitly an
exat solution and study it. An interesting feature is the possibility of a non-
singular Universe. The third form is an exponential law type, 3 + 2ω(φ) =
e2φcφ and will be studied qualitatively. These two last laws seem interesting
beause power and exponential laws are very present in physis. They play
a fundamental role for the metri funtions of ourse, but also when we
onsider a potential V (φ) [8℄ giving birth to extended or haoti ination
[9℄. Moreover, we will see how the power law form of the oupling onstant
is linked to minimally oupled and indued gravity for large or small values
of the salar eld.
This paper is organised as follows. In setion 2, we write eld equations
in both Brans-Dike and onformal frame and explain how to proeed to
solve them. In setion 3, we derive solution for eah of the three forms of
ω(φ) and study them.
2
2 Field equations.
2.1 Field equations in the Brans-Dike frame.
We work with the metri:
ds2 = −dt2 + a(t)2(ω1)2 + b(t)2(ω2)2 + c(t)2(ω3)2 (1)
a(t), b(t), c(t) are the metri funtions, ωi are the 1-forms of the Bianhi type
I model and t, the proper time. We express the Lagrangian of the theory in
the form:
L = −φR+ ω(φ)φ,αφ,αφ−1 (2)
One an also ast (2) on the form:
L = −f(Φ)R+ 1/2∂αΦ∂αΦ (3)
with
ω(φ) = 1/2ff ,−2 (4)
The orresponding eld equations and Klein-Gordon equation are obtained
by varying the ation (2) with respet to the spae-time metri and the salar
eld. If we introdue the τ time through
abcdτ = dt (5)
then, denoting d/dτ by a prime, the eld equations are:
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We an integrate (8) to obtain the useful equation :
Aφ,
√
3 + 2ω = 1 (9)
A being an integration onstant. Hene, we see that ω > −3/2.
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2.2 Field equations in the onformal frame.
Now, we work with the onformal metri:
ds2 = −dt˜2 + a˜(t)2(ω1)2 + b˜(t)2(ω2)2 + c˜(t)2(ω3)2 (10)
By the onformal transformation the metri has been redened as:
g˜αβ = φgαβ (11)
and the Lagrangian beomes :
L = R− 1/2(3 + 2ω)φ,αφ,αφ−2 (12)
Hene, the generalised salar-tensor theory is ast into Einstein gravity with
a minimally oupled salar eld. In the τ˜ time dened as :
a˜b˜c˜dτ˜ = dt˜ (13)
the eld equations and the klein-Gordon equation beome in the onformal
frame
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Equations (14) are exatly the same as in the Bianhi type I model in General
Relativity. Only the onstraint equation (15) is dierent. The solutions of
the eld equations are in the t˜ time the well-known Kasnerian solutions:
a˜ = t˜p1 , b˜ = t˜p2 , c˜ = t˜p3 (17)
p1, p2, p3 being the Kasner exponents with :
∑
pi = 1 (18)
With the onstraint equation, we obtain :
∑
p2i = 1− 2φ−20 (19)
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φ0 being the integration onstant of the salar eld. Hene, for all oupling
onstant ω(φ), in the onformal frame, there will always be one negative
Kasner exponent or three positive Kasner exponents and then two or three
dereasing metri funtions. In the τ˜ time, the solutions of (14) are:
a˜ = eα1τ˜+α0
b˜ = eβ1τ˜+β0 (20)
c˜ = eγ1τ˜+γ0
where αi, βi, γi are integration onstants. We integrate the Klein-Gordon
equation to obtain the important equation:
φ˜0φ
,φ−1
√
3 + 2ω = 1 (21)
φ˜0 being an integration onstant (in fat φ˜0 = A). Hene, we dedue from
the onstraint equation that:
α1β1 + α1γ1 + β1γ1 = 1/4φ˜
2
0, ∀ω(φ) (22)
To nd solutions to the eld equations (7) we proeed as follow: rst, we
have to nd solutions, for the salar eld, of the equations (9) and (21) so
that we obtain respetively φ(τ) and φ(τ˜ ). Seond, we write φ(τ) = φ(τ˜)
and reverse φ(τ˜) to nd τ˜ = τ˜(τ). Third, using (11), we write :
a = a˜(τ˜ (τ))/φ(τ), b = b˜(τ˜(τ))/φ(τ), c = c˜(τ˜(τ))/φ(τ) (23)
Let us examine what are the relations between the quantities in the τ time
and in the t time. The amplitudes of the metri funtions are the same in
the both time sine a(τ) = a(τ(t)) = a(t). The sign of the rst derivatives
are also the same : remember that dτ/dt = 1/abc is positive sine the metri
funtions are positive-denite. Hene, τ is an inreasing funtion of t and
the sign of the rst derivative of the metri funtions will be the same in
both τ time and t time. The sign of the seond derivatives in the t time and
τ time are dierent. If an overdot denotes dierentiation with respet to t,
the sign of a¨ will be that of a,,−a,(a,/a+b,/b+c,/c). We will study both the
sign of a,, and a¨ in the appliations of setion 3. Of ourse, the amplitudes
of the derivatives are dierent in the t and τ times. But we will not study
them sine we are mainly interested in their signs and therefore dynamial
behaviour of the metri funtions: whether they are inreasing, dereasing
or bouning, and whether there is ination.
Another dierene between the two times omes from their asymptoti
behaviours. For instane, the t time ould diverge at a nite value of the τ
time. It depends mainly on dt/dτ = abc = V , where V is the volume of the
Universe. In the ases we are going to study, the volume will always tend
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toward 0 or innity (we will show it for the two rst theories of setion 3).
Then, if V → 0 when τ tends toward a onstant or innity, t tends toward a
onstant. If V →∞ when τ →∞, t→∞. If V →∞ when τ tends toward a
onstant, t may tend toward innity or a onstant. In this last ase, we need
to integrate the volume abc to make the asymptoti behaviour of the osmi
time t preise. Unhappily, it will not be possible in the theories of setion
3. We have studied the behaviour of the volume for the two rst theories
so that one an always get the asymptoti behaviour of t(τ) by using these
rules (exept the ase τ → cte and V →∞).
Conerning the presene of singularity, to ensure that a theory is non-
singular, we will hek that the Rii urvature salar R is nite. The Rii
salar an be writen:
R = (abc)−2
[
−ω(φ,φ−1)2 + 3φ−1ω,φ,(3 + 2ω)−1
]
(24)
3 Non-singular and aelerated behaviours.
To simplify the study of the metri funtions, we will onsider in what follows
only an inreasing funtion of the salar eld, whih means the only positive
onstants are A and φ˜0.
3.1 The ase 3 + 2ω = 2β(1− φ/φc)−α
We use the form for the oupling onstant 3 + 2ω = 2β(1 − φ/φc)−α where
β is a positive onstant, α, φc are onstant. The ase α = 0 orresponds to
Brans-Dike theory and the ase α = 1 and β = −1/2 to Barker's theory
[10℄. Barrow showed in his paper [7℄ that the ase α = 2 is representative
of the behaviour of other ases with α 6= 2 in the neighbourhood of the
singularity. Hene, we will onsider only this ase. From (9) we derive:
φ(τ) = φc
[
1− e−(τ+τ0)/(A
√
2βφc)
]
(25)
from (21) we dedue:
φ(τ˜ ) = φc(1 + e
−(τ˜0+φ˜−10 τ˜)/
√
2β)−1 (26)
Equating (25) and (26), we get:
τ˜ = φ˜0
√
2βln
[
e(τ+τ0)/(A
√
2βφc) − 1
]
− φ˜0τ˜0 (27)
τ0 being an integration onstant. Hene, using (23), we write:
a(τ) =
e−φ˜0τ˜0α1+α0√
φc
(e
τ+τ0
A
√
2βφc − 1)
√
2βφ˜0α1(1− e−
τ+τ0
A
√
2βφc )−1/2 (28)
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and idential expressions for b(τ), c(τ) with β0, β1 and γ0, γ1 respetively.
If we introdue:
u = (τ + τ0)/(A
√
2βφc), a0 = e
−φ˜0τ˜0α1+α0/
√
φc > 0, α1 = −
√
2βφ˜0α1
(29)
the expression (28) beomes:
a(τ) = a0(e
u − 1)−a1−1/2eu/2 (30)
u and the τ time vary in the same manner as long as A and φc are positive
onstants. The onstraint equation (22) is rewritten as:
a1b1 + a1c1 + b1c1 =
1
2
β (31)
The metri funtion will be real for positive u. One an show that there is
no non-singular behaviour for this theory in an anisotropi Universe. The
Rii urvature an be written as:
R = (eu−1)1+2(a1+b1+c1)(3−2βe2u−24β2e4u+24β2e5u)(2a20b20c20e3u)−1 (32)
We hek that onditions to get nite R for asymptoti times (u→ 0, u→∞)
are not ompatible: for u → 0 we need a1 + b1 + c1 > −1/2 whereas for
u→ +∞, we need a1 + b1 + c1 < −3/2. So there is always a singularity for
the Rii urvature at small or/and large times.
The rst derivative of (30) shows that the metri funtion a(τ) will have
a minimum for u = −ln(−2a1) and a1 ∈ ]0,−1/2[. For small u, we have
φ→ 0, ω → β − 3/2 and:
a ≈ a0(eu − 1)−a1−1/2 (33)
Hene, if a1 < −3/2, da/dτ and a tend to 0, if a1 ∈ [−3/2,−1/2], da/dτ
tends to innity and a tends to 0, if a1 > −1/2, da/dτ and a tends respe-
tively to −∞ and +∞. For large u, we have φ → φc, ω → +∞ if α > 0
and:
a ≈ a0e−a1u (34)
Hene, if a1 < 0, da/dτ and a tend to innity, if a1 > 0, da/dτ and a
tend to 0. We see that the form of the metri funtion depends only on the
parameter a1:
• If a1 < −3/2, the metri funtion is inreasing (g 1).
• If a1 ∈ [−3/2,−1/2], it is inreasing but with an inexion point (g
2). By studying the seond derivative of a(τ), one an show that
the ondition to have an inexion point is a1 ∈ [−3/2,−1/2]. In the
other ases, the seond derivative is always positive and the dynami
is always aelerated. Lets note that it is not ination sine for that
we must have a¨ > 0 and not a,, > 0.
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• If a1 ∈ [−1/2, 0], the metri funtion has a minimum. Hene, if a1,
b1 and c1 belong to [−1/2, 0], all the metri funtions have a boune.
However that does not mean that the Universe is non-singular sine in
this ase the Rii salar beome innite for large τ .
• If a1 > 0, the metri funtion is dereasing (g 4).
Example of these four behaviours are illustrated on gures 1-4.
Now we examine the sign of the seond derivative of the metri funtion
a in the t time so that we an detet ination. It is the same as the quantity
−2a1(b1 + c1)e2u + (1− b1 − c1)eu − 1 whih is a seond degree equation for
eu. One nds two roots: eu1,2 = (1 − b1 − c1 ±
√
∆) [4a1(b1 + c1)]
−1
with
∆ = (b1 + c1 − 1)2 − 8a1(b1 + c1). If they are omplex or inferior to 1, the
sign of a¨ is the same as −2a1(b1+c1). If they are superior to 1, there are two
inexion points: a¨ is rst positive (negative), negative (positive) and then
positive (negative) if −2a1(b1 + c1) > 0 ( respetively −2a1(b1 + c1) < 0).
For the same reasons, if one of the roots is not real or inferior to 1, there
is one inexion point and a¨ is rst positive (negative) and then negative
(positive) if −2a1(b1+ c1) > 0 (respetively −2a1(b1+ c1) < 0). Here, a¨ > 0
an orrespond to ination when in the same time a˙, or equivalently a,, is
positive. Hene, one see an example of kineti ination as desribed by Jana
Levin in [3℄ and [4℄. We remark also that ination an end in a natural way.
If now we write the volume:
V = abc (35)
For small (large) u, V vanishes if a1 + b1 + c1 < −3/2 (a1 + b1 + c1 > 0)
else it tends toward innity. Another interesting feature of this model is
that for β = 1/2, we have ω → −1 for small value of u, ω → ∞ and
ω−3(dω/dφ) → 0 if α > 1/2 for large value. That is the two value of the
oupling onstant that orresponds to String theory in the low-energy limit
and to General Relativity (by General Relativity we means that the post-
Newtonian parameters of General Relativity are reovered).
3.2 The ase 3 + 2ω = φ2cφ
2m
.
Now, we onsider the following form of the oupling onstant:
3 + 2ω = φ2cφ
2m
(36)
where φc and m are real onstants. Using the same proess than before,
from (9) we derive :
φ(τ) = [(m+ 1)/(Aφc)(τ + τ0)]
1/(m+1)
(37)
and from (21) we get :
φ(τ˜ ) =
[
m(φ˜0φc)
−1(τ˜ + τ˜0)
]1/m
(38)
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Equating (37) and (38) we have:
τ˜ =
φ˜0φc
m
[
m+ 1
Aφc
(τ + τ0)
]m/(m+1)
− τ˜0 (39)
Then, with (23) we obtain :
a(τ) = exp{α1φ˜0φc
m
[
m+ 1
Aφc
(τ + τ0)
]m/(m+1)
−α1τ˜0+α0}
[
m+ 1
Aφc
(τ + τ0)
]−1/2(m+1)
(40)
We introdue the variables :
a0 = e
−α1τ˜0+α0 , a1 = α1φ˜0φc, u = (τ + τ0)/(Aφc) (41)
and (40) beomes :
a = a0exp(a1m
−1 [(m+ 1)u]m/(m+1)) [(m+ 1)u]−1/2(m+1) (42)
We get the same type of expressions for b(τ) and c(τ). From the onstraint
equation (22) we dedue:
a1b1 + a1c1 + b1c1 = φ
2
c/4 (43)
The expression (42) of the metri funtion shows that (m + 1)u must be
positive. Hene, if m > −1, u ∈ [0,+∞[ and if m < −1, u ∈ ]−∞, 0]. u
and the τ time vary in the same manner as long as A and φc =
√
φ2c are two
positive onstants.
First, let us examine the Rii salar. It is written:
R = [(1 +m)u](1−2m)/(1+m) [3− φ2c [(m+ 1)u]2m/(m+1) +
6mφ4c [(m+ 1)u]
4m/(1+m)
℄
[
2a20b
2
0c
2
0(1 +m)
2e2(a1+b1+c1)[(m+1)u]
m/(m+1)/m
]−1
(44)
Only if m ∈ [0, 1/2] and a1 + b1 + c1 > 0, is the Rii salar always nite
at both small and large times, avoiding the singularity. Now we examine
the dynami of a in the τ time. The rst derivative of (42) vanishes for
u = (2a1)
−(m+1)/m/(m+1) and hene, a(τ) has an extremum for this value
that exists only if a1 is positive. The asymptoti study of (42) when u→ 0
and u → ±∞ gives the results summarised in table 1. We found eight
dierent behaviours. The gures 5-12 show an example of eah of them. To
summarise the main harateristis of eah ase in the τ time:
• For a1 < 0, the metri funtion is always dereasing and has an inex-
ion point when m < −3/2.
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• For a1 > 0, the metri funtion has a minimum if m > 0 and a max-
imum if m < 0. Hene, only the ase where a1, b1, c1 and m are pos-
itive, gives birth to a "boune" Universe. It avoids the singularity if
m ∈ [0, 1/2] and a1 + b1 + c1 > 0 and will be today in expansion in all
diretions of spae.
If we dene the volume V by V = abc, then it tends to vanish for small u if
m/(m+1) < 0 andm(a1+b1+c1) < 0 orm/(m+1) > 0 and−3/ [2(m+ 1)] >
0. It beomes innite ifm/(m+1) < 0 andm(a1+b1+c1) > 0 orm/(m+1) >
0 and −3/ [2(m+ 1)] < 0. For large u, it tends to vanish if m/(m+ 1) > 0
and m(a1 + b1 + c1) < 0 or m/(m + 1) < 0 and −3/ [2(m+ 1)] < 0. It
beomes innite if m/(m+1) > 0 and m(a1+ b1+ c1) > 0 or m/(m+1) < 0
and −3/ [2(m+ 1)] > 0.
By examining the sign of a,,, we an onlude that the dynami of the metri
funtion will always be aelerated (reall again that it is not ination sine
it does not mean that a¨ > 0) if m > 1/2 or m ∈ [−3/2, 1/2] and a1 < 0. If
m < −3/2 the dynami is rst aelerated and then deelerated. The same
thing happens when m ∈ [0, 1/2] and a1 > 0 whereas for m ∈ [−3/2, 0] and
a1 > 0, the metri aelerates again.
We omplete this study by examining the sign of the seond derivative in the t
time. It is the same asm+(b1+c1)
[
[(m+ 1)u]m/(m+1) − 2a1 [(m+ 1)u]2m/(m+1)
]
.
This is a seond degree equation for [(m+ 1)u]m/(m+1). The two roots are
u1,2 = (m+ 1)
−1
[
(b1 + c1 ±
√
∆)(4a1(b1 + c1))
−1
](m+1)/m
(45)
with ∆ = (b1 + c1)(8a1m+ b1 + c1). If u1,2 are not real, the sign of a¨ is the
one of −2a1(b1 + c1). When the two roots are real, they always belong to
the interval where u varies sine their sign is the same as m+1. Then a¨ has
the same sign as −2a1(b1 + c1) if u is out of [u1, u2] or the opposite sign if
u ∈ [u1, u2]. There are two inexion points. Hene, we get the same type of
behaviour for a¨ as in the previous subsetion. In the same manner, if only
one root is real, the dynami of a will be aelerated and then deelerated or
vie-versa depending on the sign of −2a1(b1 + c1). So, there is one inexion
point. For this theory also, ination an end naturally.
Conerning the oupling onstant, we have for m + 1 > 0: when τ → +∞,
φ → +∞, ω → φ2cφ2m/2 → +∞ if m > 0 and ω → −3/2 if m ∈ [−1, 0].
When τ → τ0, φ → 0, ω → φ2cφ2m/2 → +∞ if m ∈ [−1, 0] and ω → −3/2
if m > 0. Considering these last remarks and the relation (3), one an de-
due that the asymptoti behaviours of the metri funtions when φ → 0,
ω → φ2cφ2m/2 → +∞ and m ∈ [−1, 0] are the same as in the ases of a
oupling funtion of type f(Φ) = f0e
nΦ
when φ2c = n
−2
and m = −1/2 and
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f(Φ) = (f0Φ+ f1)
n
when φ2c = (f0n)
−2
and 2m = (2− n)/n with n 6∈ [0, 2].
Moreover, the asymptoti behaviour of the metri funtions when φ→ +∞,
ω → φ2cφ2m/2 → +∞ and m > 0 are the same as in the previous ase but
with n ∈ [0, 2].
Hene the study of the metri funtions when 3+2ω = φ2cφ
2m
, give us infor-
mation on the asymptoti behaviours of two dierent ouplings f(Φ), that is
f(Φ) = (f0Φ + f1)
n
and f(Φ) = f0e
nΦ
. For the rst of these funtions, the
minimally oupled theory is obtained for f0 = 0 and f
n
1 = 1/2 , whereas the
indued gravity is obtained for f1 = 0, f0 =
√
ǫ/2 and n = 2. We note that
the study of one oupling onstant ω(φ) permit us to get informations on two
types of oupling f(Φ) beause ω(φ) and f(Φ) are linked by the dierential
equation (4). Hene to one type of funtion ω, having one or several free
parameters, an orrespond more than one type of funtions f . What we
say above omes from the fat that to a power or exponential law for f(Φ)
orrespond only a power law for ω(φ).
3.3 The ase 3 + 2ω = e2φcφ.
We take the form 3 + 2ω = e2φcφ, φc being a real onstant. This is an
interesting ase beause, as in the subsetion 3.1, when the salar eld van-
ishes, the oupling onstant tends towards -1, whih is the low limit of the
string theory, whereas when it beomes innite, the oupling onstant tends
towards innity and the theory towards General Relativity if φc > 0.
Here, we an not integrate equation (21) in a losed onvenient form. We
rewrite the equations (9) and (21) in the following form:
H(φ) = τ =
∫
Aeφcφdφ− τ0 = Aφ−1c eφcφ − τ0 (46)
G(φ) = τ˜ =
∫
φ˜0e
φcφφ−1dφ− τ˜0 (47)
That means we have φ(τ) = H(−1)(τ) and φ(τ˜) = G(−1)(τ˜). By equalling
these last two expressions and reversing (46), we get :
τ˜ = G(H(−1)) = G(φ) = G(φ−1c ln
[
φcA
−1(τ + τ0)
]
) (48)
With (23), we an easily obtain the metri funtions :
a = eα1G(φ
−1
c ln[φcA−1(τ+τ0)])+α0/
√
(Aφc)−1ln [φc(τ + τ0)] (49)
and the same form for b(τ) and c(τ) with their integration onstants. The
reality onditions for the metri funtions will be φcA
−1(τ + τ0) > 0 and
φ−1c ln
[
φcA
−1(τ + τ0)
]
> 0.
Hene, if φc < 0, the metri funtion will be real if τ ∈
]
Aφ−1c − τ0,−τ0
[
,
and if φc > 0, we will have τ ∈ ]Aφc − τ0,+∞[. The rst derivative of (49)
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will be of the sign of α1φ˜0φcA
−1(τ + τ0) − 1/2. For all value of φc, when
τ = A(2α1φcφ˜0)
−1 − τ0, da/dτ vanishes in the following ases:
- when τ ∈ ]Aφ−1c − τ0,−τ0[, that means φc < 0, if 2α1φ˜0 > 1,
- when τ ∈ ]Aφ−1c − τ0,+∞[, that means φc > 0, if 2α1φ˜0 ∈ [0, 1].
From these results and after a numerial study we an write that :
• If φc < 0, τ ∈ ]Aφc − τ0,−τ0[:
 If α1 < (2φ˜0)
−1
, the metri funtion is dereasing and tends to
innity, in a positive manner when τ → Aφ−1c − τ0, and to zero
when τ → −τ0.
 If α1 > (2φ˜0)
−1
, the metri funtion tends to zero for these two
values of τ and has a maximum . So, if the three integration
onstants α1, β1, γ1 of eah of the metri funtions are suh that
they are all superior to (2φ˜0)
−1
, we have a lose Universe (for
the time) whih exists during a nite time in the τ -time. Sine
dt/dτ = abc, this quantity vanishes in τ = Aφ−1c − τ0 and τ = τ0
and then t(τ) stays nite for these two values and the Universe
also exists during a nite t time.
• If φc > 0, τ ∈ ]Aφc − τ0,+∞[ :
 If α1 < 0, the metri funtion dereases from innity to zero.
 If α1 ∈
[
0, (2φ˜0)
−1
]
, the metri funtion has a minimum and tends
to +∞ when τ tends to Aφ−1c −τ0 or +∞. If the three integration
onstants α1, β1, γ1 are all in the same interval, the Universe will
have a boune sine eah metri funtion has a minimum.
 If α1 > (2φ˜0)
−1
, the metri funtion is inreasing from zero to
innity with an innite slope.
4 Conlusion
In the onformal frame, the salar eld is minimally oupled. Hene, the
spatial omponents of the eld equations are exatly the same as in General
Relativity and their solutions for the Bianhi type I model are the kasnerian
solutions [5℄. The Klein-Gordon equation and the onstraint equation, that
are dierent from General Relativity, impose that the sum of the square of
the Kasner exponents is always inferior to unity. Their sum is equal to one.
Hene, there are always two or three positive Kasner exponents.
To express the metri funtion in the Brans-Dike frame, we have equated
the expressions of the salar eld in both Brans-Dike and onformal frames
and then dedued the time τ˜ of the onformal frame as a funtion of the time
τ of the Brans-Dike frame. Then it is easy to nd the form of the metri
funtions in this last frame. The amplitude of the metri funtions and the
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sign of their rst derivative in the τ time of the Brans-Dike frame are the
same as in the t time. This is not the ase for the seond derivative of the
metri funtions.
We have studied three forms of the oupling onstant ω(φ) and found
solutions for whih the Universe ould avoid the singularity. We have also
deteted kineti ination for the two rst examples and notie that, under
some onditions, it an end naturally. For small or large value of the τ time,
the oupling onstant an beome innite or onstant. It is always interesting
to nd lasses of oupling onstant for whih it tends naturally toward -
1 or innite for small or large value of τ beause suh a lass of theories
tends respetively toward string theory in the low-energy limit and General
Relativity. It seems to be true in the speial ase 3+2ω = (1−φ/φc)−2 and
for 3 + 2ω = e2φcφ.
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a1 < 0 a1 > 0
m>0 u→ 0+, a→ +∞, a, → −∞ u→ 0+, a→ +∞, a, → −∞
u→ +∞, a→ 0+, a, → 0 u→ +∞, a→ +∞, a, → +∞
m ∈ [−1, 0] u→ 0+, a→ +∞, a, → −∞ u→ 0+, a→ 0, a, → +∞
u→ +∞, a→ 0+, a, → 0 u→ +∞, a→ 0, a, → 0
m ∈ [−3/2,−1] u→ 0−, a→ 0+, a, → 0 u→ 0−, a→ 0, a, → −∞
u→ −∞, a→ +∞, a, → −∞ u→ −∞, a→ 0, a, → 0
m < −3/2 u→ 0−, a→ 0, a, → 0 u→ 0−, a→ 0, a, → −∞
u→ −∞, a→ +∞, a, → −∞ u→ −∞, a→ 0, a, → 0
Table 1: The eight dierent asymptoti behaviours of the metri funtion
when 3 + 2ω = φ2cφ
2m
. The asymptoti amplitudes of a are the same in t
and τ time. That is not the ase for the amplitudes of the rst derivatives.
We do not examine the asymptoti behaviour of the amplitudes of a˙ sine
we are mainly interested by the study of the exat solutions in the τ time
and, in a general maner, by the signs of a,, a,, and a¨. But this is always
possible by alulating a˙ = a,(abc)−1.
Figures 1 to 4 : forms of the metri funtions when 3 + 2ω = 2β(1 −
φ/φc)
−2
.
Figures 5 to 12 : forms of the metri funtions when 3 + 2ω = φ2cφ
2m
.
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